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SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION I. 
EQUIVARIANT WEYL LAW FOR INVARIANT SCHRODINGER OPERATORS 

ON COMPACT MANIFOLDS 

BENJAMIN KUSTER AND PABLO RAMACHER 


Abstract. We study the spectral properties of Schrodinger operators on a compact connected Rie- 
mannian manifold M without boundary in case that the underlying Hamiltonian system possesses 
certain symmetries. More precisely, if M carries an isometric and effective action of a compact con¬ 
nected Lie group G, we prove a generalized equivariant version of the semiclassical Weyl law with an 
estimate for the remainder, using a semiclassical functional calculus for h-dependent functions and 
relying on recent results on singular equivariant asymptotics. These results will be used to derive an 
equivariant quantum ergodicity theorem in Part II of this work. When G is trivial, one recovers the 
classical results. 
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1. Introduction 

1.1. Problem and setup. Let M be a compact connected boundary-less Riemannian C°°-manifold of 
dimension n with Riemannian volume density dM , and denote by A the Laplace-Beltrami operator on 
M with domain C°°(M). One of the central problems in spectral geometry is to study the properties 
of eigenvalues and eigenfunctions of —A in the limit of large eigenvalues. Concretely, let {uj} be 
an orthonormal basis of L 2 (M) of eigenfunctions of —A with respective eigenvalues {Ej}, repeated 
according to their multiplicity. As Ej —» oo, one is interested among other things in the asymptotic 
distribution of eigenvalues, the pointwise convergence of the Uj , bounds of the L p -norms of the Uj 
for 1 < p < oo, and the weak convergence of the measures \uj\ 2 dM. The study of the distribution 
of eigenvalues has a long history that goes back to Weyl SO], Levitan m , Avacumovic [2] , and 
Hormander jl9) . while the behavior of eigenfunctions has attracted much attention in more recent 
times, one of the major results in this direction being the quantum ergodicity theorem for chaotic 
systems, due to Shnirelman [3B], Zelditch m, and Colin de Verdiere m- This paper is the first in a 
sequel which addresses these problems for Schrodinger operators in case that the underlying classical 
system possesses certain symmetries. 

In this first part, we shall concentrate on the distribution of eigenvalues. The question is then how 
the symmetries of the underlying Hamiltonian system determine the fine structure of the spectrum in 
accordance with the correspondence principle of quantum physics. To explain things more precisely, 
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let G be a compact connected Lie group that acts effectively and isometrically on M. Note that there 
might be orbits of different dimensions, and that the orbit space M := M/G won’t be a manifold in 
general, but a topological quotient space. If G acts on M with finite isotropy groups, M is a compact 
orbifold, and its singularities are not too severe. Consider now a Schrodinger operator on M 

P{h) = —h 2 A + V, P{h) : C°°(M) -a C°°(M), he (0,1], 

V e C°°(M, R) being a G- invariant potential. P(h) has a unique self-adjoint extension 

(1.1) P{h) : H 2 (M) L 2 (M) 

as an unbounded operator in L 2 (M), where H 2 (M) C L 2 (M) denotes the second Sobolev space, and one 
calls P(h) a Schrodinger operator, too. The quantum mechanical properties of P(h) can be described 
by studying its spectrum. For each h G (0,1], it is discrete, consisting of eigenvalues {£'j(h)} J ' 6 N 
which we repeat according to their multiplicity and which form a non-decreasing sequence unbounded 
towards +oo. The associated sequence of eigenfunctions {uj(h)}j^ constitutes a Hilbert basis in 
L 2 (M) of smooth functions, and the eigenspaces are finite-dimensional. When studying the spectral 
asymptotics of Schrodinger operators, one often uses the semiclassical method. Instead of examining 
the spectral properties of P(h) for fixed h = K and high energies, h being Planck’s constant, one 
considers fixed energy intervals, allowing h € (0,1] to become small. The two methods are essentially 
equivalent. In the special case V = 0, the Schrodinger operator is just a rescaled version of —A so 
that the semiclassical method can be used to study the spectral asymptotics of the Laplace-Beltrami 
operator. Now, since P{h) commutes with the isometric G-act ion, one can use representation theory to 
describe the spectrum of P(h) in a more refined way. Indeed, by the Peter-Weyl theorem, the unitary 
left-regular representation of G 

G x L 2 (M) —> L 2 (M), (. g , /) i-a ( L g f : x i —> f(g 1 • x )), 

has an orthogonal decomposition into isotypic components according to 

(1.2) L 2 (M) = 0 L 2 (M), L 2 (M) = T x L 2 (M), 

xed 

where G denotes the set of isomorphism classes of irreducible unitary G-representations which we 
identify with the character ring of G, while T x : L 2 (M) —> L 2 (M) are the associated orthogonal 
projections given by 

(1-3) T x :f^(x^d x f x(5)/(ff _1 • x) dg) , 

J G 

where dg is the normalized Haar measure on G, and d x the dimension of an irreducible representation 
of class x■ Since each eigenspace of the Schrodinger operator P(h) constitutes a unitary G-module, it 
has an analogous decomposition into a direct sum of irreducible G-representations, which represents 
the so-called fine structure of the spectrum of P(h). To study this fine structure asymptotically, 
consider for a fixed X G G and any operator A : D —>• L 2 (M) on a G-invariant subset D C L 2 (M) the 
corresponding reduced operator 

A x := T x o AoT x \d. 

Since P(h) commutes with T x , the reduced operator P(h) x corresponds to the bi-restriction P(h)\ x : 
L X (M) nH 2 (M) -> L X (M). More generally, one can consider bi-restrictions of P(h) to /i-dependent 
sums of isotypic components of the form 

Lw„( M )= 0 L 2 (M), 

xew h 

where the W/,, C G are appropriate finite subsets whose cardinality is allowed to grow in a controlled 
way as h —> 0. A natural problem is then to examine the spectral asymptotics of P(h) bi-restricted to 
Lyv (M). The study of a single isotypic component corresponds to choosing W/, = {x} for all h and 
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a fixed \ € G. Note that, so far, it is irrelevant whether the group action has various different orbit 
types or not. 

On the other hand, the principal symbol of the Schrodinger operator (1.1) is given by the G-invariant 
symbol function 


(1.4) 


p : T*M 


foO-HIC + n*), 


and describes the classical mechanical properties of the underlying Hamiltonian system on the co¬ 
tangent bundle T* M of M with canonical symplectic form ui. Consider now for a regular value c of p 
the hypersurface £ c := p~ 1 ({c}) C T*M , which carries a canonical hypersurface measure d£ c induced 
by ui. In the special case that £ c = S*M is the co-sphere bundle, cE c = d(S*M) is commonly called 
the Liouville measure. To describe the classical dynamical properties of the system, it is convenient to 
divide out the symmetries, which can be done by performing a procedure called symplectic reduction. 
Namely, let 1 : T*M —»• g* denote the momentum map of the induced Hamiltonian G-action on T*M , 
which represents the conserved quantitites of the dynamical system, and consider the topological 
quotient space 

f2:=n/G, n:=J _1 ({0}). 

In contrast to the situation encountered in the Peter-Weyl theorem, the orbit structure of the under¬ 
lying G-action on M is not at all irrelevant for the symplectic reduction. Indeed, if the G-action is 
not free the spaces 11 and fl need not be manifolds. Nevertheless, they are stratified spaces, where 
each stratum is a smooth manifold that consists of orbits of one particular type. In particular, fl and 
fl each have a principal stratum. fl re g and fl reg , respectively, which is the smooth manifold consisting 
of (the union of) all orbits of type ( H ), where H denotes a principal isotropy group of the G-action 
on M. Moreover, f2 reg carries a canonical symplectic structure with an associated volume density. 
The intersection fl reg n £ c is transversal, so that it defines a hypersurface in fl reg . Similarly, when 
passing to the orbit space, we obtain the hypersurface £ c = (fl reg H £ c ) /G C f2 reg that carries a 
canonical measure d£ c induced from the volume density on fl reg , and one can interpret the measure 
space (£ c ,d£ c ) as the symplectic reduction of the measure space (£ c ,d£ c ). For a detailed exposition 
of these facts, the reader is referred to Sections |2.3| and [2~T| 


Let us now come back to our initial question. In what follows, we shall study the distribution of 
the eigenvalues of P(h) along /i-dependent families of isotypic components Ly Vh (M) in the Peter-Weyl 
decomposition of L 2 (M) as h — > 0, and the way their distribution in a spectral window [c, c+h s ] around 
a regular value c of p is related to the symplectic reduction (£ c , d£ c ) of the corresponding Hamiltonian 
system, S > 0 being a suitable small number. Similar problems were studied for h-pseudodifferential 
operators in R n in na, 0 , [si, and within the classical high-energy approach in pea, 0, Hang, and 
[32| . In our approach, we shall combine well-known methods from semiclassical analysis and symplectic 
reduction with results on singular equivariant asymptotics recently developed in [321 S3 ■ 


1.2. Results. To describe our results, we need to fix some additional notation. We denote by k the 
dimension of the G-orbits in M of principal type ( H ), which agrees with the maximal dimension of a 
G-orbit in M , and assume throughout the whole paper that k < n = dim M. Furthermore, we denote 
by A the maximal number of elements of a totally ordered subset of isotropy types of the G-action 
on M. For an equivalence class % G G with corresponding irreducible G-representation 7r x , we write 
[k x \ h ■ 1] for the multiplicity of the trivial representation in the restriction of n x to H. Let G'cG 
denote the subset consisting of those classes of representations that appear in the decomposition (1.2) 
of L 2 (M). In order to consider a growing number of isotypic components of L 2 (M) in the semiclassical 
limit, we make the following 


Definition 1.1. A family {Wft.}fee(o,l] of finite sets Wh C G' is called semiclassical character family 
if there exists a i9 > 0 such that for each N £ {0,1,2,...} and each differential operator D on G of 
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order N, there is a constant C > 0 independent of h with 


1 


E 


\DX\\ 


< Ch~^ N V/iG(0,1], 


* Wh x ^ h [* x \h : 1] 

We call the smallest possible d the growth rate of the semiclassical character family. 

Remark 1.1. Note that [7r x |jy : 1] > 1 for \ € G 7 , since the irreducible G-representations appearing in 


the decomposition (1.21 of L 2 (M) are precisely those representations appearing in L 2 {G/H), and by 


the Frobenius reciprocity theorem one has [n x \n '■ 1] = [L 2 (G/H) : 7 r x ], compare (T21 Section 2]. 

Example 1.2. For G = SO(2) = S' 1 C C, one has G = {\k '■ k G Z}, where the fc-th character 
Xk : G — > C is given by Xk(^ v ) = e lklp . One then obtains a semiclassical character family with growth 
rate less or equal to d by setting Wh ■= {Xk '■ |fc| < h~ d }. 

Example 1.3. More generally, let G be a connected compact semi-simple Lie group with Lie algebra 
0 and T C G a maximal torus with Lie algebra t. By the Cartan-Weyl classification of irreducible 
finite dimensional representations of reductive Lie algebras over C, G can be identified with the set 
of dominant integral and T-integral linear forms A on the complexification he of the Lie algebra t 
of T. Let therefore denote A x G the element associated with a class x € G, and put W/, := 
|x G G : |A X | < h~^, where d > 0, h G (0,1]. Then {Wh}he( o,i] constitutes a semiclassical character 
family with growth rate less or equal to d in the sense of Definition [TTTJ see P3J Section 3.2] for details. 

Denote by 'dff S (M), m G RU {—oo}, S G [0, |), the set of semiclassical pseudodifferential operators 
on M of order (m,<5). The principal symbols of these operators are represented by symbol functions 
in the classes S™{M), where the index 6 describes the growth properties of the symbol functions as 
for the precise definitions. An important point to note is that elements of S$(M) 


2.1 


h—> 0, see Section 

define operators on L 2 (M) with operator norm bounded uniformly in h. Finally, for any measurable 
function / with domain D a G-invariant subset of M or T*M, we write 


(1.5) 


(/) G W : = [ fid ■ x ) dg, 

Jg 


and denote by (/) G the function induced on the orbit space D/G by the G-invariant function (f) G . 
The main result of this paper is the following 


Theorem (Generalized equivariant semiclassical Weyl law, Theorem |4.l|). Let S G (0, 2 k+a ) 
and choose an operator B G s(M) C B(L 2 (M)) with principal symbol represented by b G Sg(M) 
and a semiclassical character family {W/j}fe e (o,i] with growth rate d < • Write 

J{h) := {j G N : Ej(h) G [c,c + h s ], Xji h ) 

where Xjif 1 ) G G is defined by Uj(h) G L 2 ^(Af). Then, one has in the semiclassical limit /z. —>■ 0 


(2 tt) 


n—K, in 


— k—S 


( 1 . 6 ) 




E 

j(h) 


(Buj(h),Uj{h)) L 2(m) 

(h) [ n Xj(h)\H '■ 1 ] 


O (h s 


_dpc_ 

volo 


+ (log ft- 1 ; 


A —1 


When considering only a fixed isotypic component L 2 (M) the statement becomes simpler, yielding 


the asymptotic formula 

( 2 tt )”-«h n - K ~ s 


E 


(Buj(h), wj(ft)) L 2 ( jvf) = d x [tt x | h : 1] 

jeN:vj(h)£L*(M), 

Ej(h)e[c,c+h s } 


(b) G dT, c 


+ o(h 5 + h^+i- s {logh- 1 ^ 
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see Theorem 4.3 Via co-tangent bundle reduction, the integral in the leading term of (1.6 1 can actually 


be viewed as an integral over the smooth bundle 


S%, c (M ng ) := {(*,0 e T*(M reg ) : p{x,Q = c}, 

where M reg is the space of principal orbits in M and p is the function induced by p on T*(M reg ), 


compare Lemma 2.2 In case that M is an orbifold, the mentioned integral is g iven by an integral over 


the orbifold bundle S~ C (M) := {(a;, £) £ T*M : p(x,£) = c}, compare Remark 


3.2 


We prove Theorem |4.1| by applying a semiclassical trace formula for /i-dependent test functions, 
which is the content of Theorem |3.1| The trace formula established here is a generalization of pM 
Theorem 3.1] for Schrodinger operators to compact G-manifolds, /i-dependent test functions, and 
/i-dependent families of isotypic components. In particular, the fact that we consider /i-dependent 
test functions is crucial for the applications in Part II of this work [26] . and involves dealing with 
considerable technical difficulties. The proof of Theorem 3.1 relies on recent work of Kuster [25] in 


which a semiclassical functional calculus for /i-dependent functions is developed. Ultimately, the proof 
of Theorem [3J] reduces to the asymptotic description of certain oscillatory integrals that have recently 
been studied in [[32] I33| by Ramacher using resolution of singularities. The involved phase functions 
are given in terms of the underlying G-action on M, and if singular orbits occur, the corresponding 
critical sets are no longer smooth, so that a partial desingularization process has to be implemented in 
order to obtain asymptotics with remainder estimates via the stationary phase principle. The explicit 
remainder estimates obtained in [33] do not only account for the quantitative form of the remainder 
in (1.6). They also provide the qualitative basis for our study of /i-dependent families of isotypic 
components and the localization to the hypersurface E c . Without the remainder estimates from [ 55] , 
only a fixed single isotypic component L 2 (M) could be studied, and only eigenvalues Ej(h) lying in 
a non-shrinking energy strip of the form [c, c + e] with a fixed e > 0 could be considered, compare 
Remark 14.41 



Figure 1.1. A single isotypic 
component in the case M = S 2 , 
G = SO(2). The fc-th row spans 
the isotypic component L^ fc (5 2 ) 
and the l-th column represents the 
/-tli eigenspace of —A. 



Figure 1.2. Spherical harmonics 
on S 2 in isotypic components cor¬ 
responding to a semiclassical char¬ 
acter family with growth rate 


To illustrate our results, consider the standard 2-sphere S 2 C R 3 , acted upon by the group SO(2) 
of rotations around the z-axis in R 3 . This action has exactly two fixed points given by the north pole 
and the south pole of S 2 . The orbits of all other points are circles, so in this case we have n = 1 
and H = {e}, the trivial group. The eigenvalues of —A on S 2 are given by the numbers l(l + 1), 
l = 0,1, 2, 3 ..., and the corresponding eigenspaces £i are of dimension 21 + 1. They are spanned by 
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the spherical harmonics, given in spherical polar coordinates by 


(1.7) 


6) = yjPi,m (cos 0)e l 


0 < <j> < 27r, 0 < 6 < ir, 


where m £ Z, \m\ < Z, and P^ m are the associated Legendre polynomials. Each subspace C • Y/ m 
corresponds to an irreducible representation of SO(2), and each irreducible representation with char¬ 


acter Xk and \k\ < l occurs in the eigenspace £i with multiplicity 1, where \k is as in Example 1.2 
Considering the limit l —>■ oo and the Laplacian —A is equivalent to studying the limit h —>• 0 and 
the semiclassical Laplacian — hr A. Figure [Id] depicts a single isotypic component, corresponding to a 
constant semiclassical character family. It means that one keeps m fi xed and studies the limit l oo. 
On the other hand, the semiclassical character family from Example 
gray region in Figure [L2| 


1.2 


for d = i corresponds to the 


1.3. Previously known results and outlook. For general isometric and effective group actions 
the asymptotic distribution of the spectrum of an invariant operator along single isotypic components 
of L 2 (M) was studied within the classical framework via heat kernel methods by Donnelly |T2] and 
Briining-Heintze |B]. These methods allow to determine the leading term in the expansion, while 
remainder estimates or growing families of isotypic components are not accessible via this approach. 
On the other hand, using Fourier integral operator techniques, remainder estimates were obtained 
for actions with orbits of the same dimension by Donnelly |T2] . Briining-Heintze [6j, Briining [5], 
Helffer-Robert mum, and Guillemin-Uribe m in the classical setting, and El-Houakmi- Helffer m 
and Cassanas [5] in the semiclassical setting. For general effective group actions, remainder estimates 
were derived by Cassanas-Ramacher [9] and Ramacher [52] in the classical, and by Weich [39] in the 
semiclassical framework using resolution of singularites. The idea of considering families of isotypic 
components that vary with the asymptotic parameter has been known since the 1980s. Thus, for the 
Laplacian and free isometric group actions, so-called ladder subspaces of L 2 (M) and fuzzy ladders have 
been considered in mans] and JJ2], respectively. 

Besides, there has been much work in recent times concerning the spectral theory of elliptic operators 
on orbifolds. Such spaces are locally homeomorphic to a quotient of Euclidean space by a finite group 
while, globally, any (reduced) orbifold is a quotient of a smooth manifold by a compact Lie group 
action with finite isotropy groups, that is, in particular, with no singular isotropy types m m- As it 
turns out, the theory of elliptic operators on orbifolds is then essentially equivalent to the theory of 
invariant elliptic operators on manifolds carrying the action of a compact Lie group with finite isotropy 
groups mmmm- 

Thus, in all the previously examined cases, except in i, mi and [39], no singular orbits occur 
and our work can be viewed as part of an attempt to develop a spectral theory of elliptic operators on 
general singular G-spaces. 

In Part II of this work 


we will rely on Theorem 4.1 to describe the ergodic properties of 


eigenfunctions of Schrodinger operators belonging to /i-dependent families of isotypic components of 
L 2 (M) in case that the symmetry-reduced Hamiltonian flow is ergodic, and prove a corresponding 
equivariant quantum ergodicity theorem. As further lines of research, it would be interesting to see 
whether our results can be generalized to G-vector bundles, as well as manifolds with boundary and 
non-compact situations. Furthermore, it might be fruitful to study the possible h-dependent families 
of irreducible representations from a more conceptional point of view. Note that the non-equivariant 
semiclassical Weyl law suggests that for a given non-trivial G-action on M there should be a critical 
growth rate do > 0 beyond which there is not only a quantitatively, but also a qualitatively different 
asymptotic behavior. 


2. Background 

In this section we describe the setup from the introduction in more detail. 

2.1. Semiclassical analysis. In what follows, we shall give a brief overview of the theory of semiclas¬ 
sical symbol classes and pseudodifferential operators on smooth manifolds. For a detailed introduction, 
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we refer the reader to [13] Chapters 9 and 14] and [TTJ Chapters 7 and 8]. Semiclassical analysis devel¬ 
oped out of the theory of pseudodifferential operators, a thorough exposition of which can be found in 
m- An important feature that distinguishes semiclassical analysis from usual pseudodifferential op¬ 
erator theory is that instead of the usual symbol functions and corresponding operators, one considers 
families of symbol functions and pseudodifferential operators indexed by a global parameter 

he ( 0 , 1 ], 


Essentially, the definitions of those families are obtained from the usual definitions by substituting 
in the symbol functions the cotangent variable £ by h£. To begin, we introduce semiclassical symbol 
classes which are invariant under pullbacks along diffeomorpliisms. For m e R and J € [0, |), one sets 


5? 


=={' 


( 2 . 1 ) 


i : R 2n x (0, 1] — » C : a(-, h) £ C°°(R 2n ) V h € (0, 1] and for all multiindices s, t 
3 C s , t > 0 : \d s x dla(x,£,h)\ < C s , t (0 m ~ W h~ s ^ s l+W V®eR", he (0,1]}. 


The symbol classes (2.1) generalize the classical Kohn-Nirenberg classes. In the literature one usually 
encounters only the case <5 = 0. In our contcxf^jit is natural to allow 5 > 0, since we want to consider 
symbol functions that localize at points or other sets of low dimension as h —> 0. One can associate to 
each symbol function s e Sg l (W n ) a continuous linear operator 


0 Pfc (a) : S(R") -+ S(R"), f ^ Op h (s)(f), 


on the Schwartz space <S(R ra ) of rapidly decreasing functions on R” given by 

(2-2) Op h {s)(f)(x) := ( 27r fe)n J Rn J Rn eliX ~ V) ' Vs (~Y^^, h) f{y) dy dr). 

Here dr) and dy denote Lebesgue measure in R". This so-called Weyl-quantization is motivated by the 
fact that the classical Hamiltonian = £ 2 should correspond to the quantum Laplacian —h 2 A, 

and real-valued symbol functions to symmetric or essentially self-adjoint operators. 

Let now M be a smooth manifold of dimension n, and let {(U a ,la)}aeA, la : Af D U a -A V a C R n , 
be an atlas for M. Then one defines 

Sf{M) :={a : T*M x (0,1] -A C, a(-, h) e C°°(T*M) V h e (0,1], 

(2.3) (l^TM e C~(E7 a )}, 

where (y” 1 )* denotes the pullback along iff 1 x i<iQ The definition is independent of the choice of atlas, 
and we call an element of S™(M) a symbol function. We use the short hand notations Sf°°(M) := 
n m6 RS'™(M) and S m (M) := S™(M), where me R U {—oo}. For such to and 6 e [0, |), we call a 
C-linear map P : C“(M) -A C°°(M) semiclassical pseudodifferential operator on M of order (m,5) if 
the following holds: 

(1) For some (and hence any) atlas {(U a , 7a)}ae^ti la '■ M D U a —>• V a C R n of M there 
exists a collection of symbol functions {s a } a6 ^ C Sg l ( R") such that for any two functions 
<Pa,l,<Pa,2 G C ™(U a ), it holds 

^,^(^,2/) = <Pa,lOp h (s a )((ip a , 2 f) O 7” 1 ) O 7q . 

(2) For all E C£°(M) with supp ipi D supp ip 2 = 0, one has 


11*1 o P o $2|| h --(m)^h-(m) = 0(h°°) VN = 0,1,2,..., 

where is given by pointwise multiplication with (pj and H N (M) is the TV-th Sobolev space. 


^See |14| for more applications of the symbol classes (2.11. 

2 The pullback is defined as follows: First, one identifies T*V a with V a x M n . Then, given a : T*M x (0,1] —> C, the 


function ((/? a a) ° (7 ck x (dla. ) T x id) : V a X 


hence extends by zero to a function ] 


x (0,1] 


x (0,1] —> C has compact support inside V a in the first variable, and 
C. This function is defined to be (7 a 1 )* ((pcxa). 
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When S = 0, we just say order m instead of order (to, 0). We denote by 'i’™ g (M) the C-linear space 
of all semiclassical pseudodifferential operators on M of order (m, 6 ), and we write 

^(M) := vh-o(M), = f| ^(M). 

ra£Z 

From the classical theorems about pseudodifferential operators one infers in particular the following 
relation between symbol functions and semiclassical pseudodifferential operators, see page 86], gU 
Theorem 14. i], m page 383]. There is a C-linear map 

(2.4) ^ s {M)^ST{M)/{h 1 - 2S S^-\M)), P^a(P), 

which assigns to a semiclassical pseudodifferential operator its principal symbol. Moreover, for each 
choice of atlas {(t/cnyajjaeA of M and a partition of unity {^ Q } Q6y j subordinate to {U a } a ^, there 
is a C-linear map called quantization , written 

(2-5) S%\M) -a T^(M), a h- Op MtWaW (a). 

Any choice of such a map induces the same C-linear bijection 


(2.6) *£ 4 (M)/ (h l - 2S *™j\M)) <=> S?{M)/ (h 1 - 2S S?~ 1 (M)) , 

O Ph 

which means in particular that the bijection exists and is independent from the choice of atlas and 
partition of unity. We call an element in a quotient space S™(M)/ [h}~ 2S S'™ -1 (M)) a principal symbol , 
whereas we call the elements of S™(M) symbol functions , as introduced above. For a semiclassical 
pseudodifferential operator A, we use the notation 

a(A) = [a] 

to express that the principal symbol a(A ) is the equivalence class in S™(M)/ (/i 1_2<5 S'™ -1 (M)) defined 
by a symbol function a £ S™(M). 


2.2. Semiclassical functional calculus for Schrodinger operators on compact manifolds. In 

what follows, let M be a connected compact Riemannian manifold without boundary, and P(h) a 
Schrodinger operator on M as in (1.11. There exists a well-known functional calculus [431 Theorems 
14.9 and 14.10] for such operators by which for each f £ 


the operator f(P{h)) defined by the 
spectral theorem for unbounded self-adjoint operators is an element in As can be shown, 

f{P[h)) extends to a bounded operator f(P(h)) : L 2 (M) —> L 2 (M) of trace class, and the principal 
symbol of f(P(h)) is represented by / op, where p is given by ( |1.4[ ). Moreover, 

tr f(P(h)) = 7 ^ i I {fop)d(T*M)+0{h- n+1 ). 


(27rh) r 


T*M 


Nevertheless, for our purposes, this is not enough, and we need a functional calculus for Schrodinger 
operators where the test function / is allowed to depend on h. Such a calculus has been recently 
developed by Kiister [25] giving explicit formulas for the global operator f(P(h)) in terms of locally 
defined quantizations in R" with trace norm remainder estimates. The class of /i-dependent test 
functions that we will consider is given by where for each 6 £ [0, |) the symbol 

^bcomp jgHQtgg t j ie se ^ 0 f f am iii es {f h } h ^ 0 ^ C C“(R) such that 

(1) the j -th derivative of fh fulfills 


fh ] =0 (h S] ) as/i-A0, j = 0,1,2,...; 

OO 

(2) there is a compact Interval I Cl such that the support of fh is container^ in I for all h. 
One then has the following 


^This condition can be relaxed to allow also supports with growing diameter and varying position as h —> 0, see HD- 
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Theorem 2.1 f |251 Theorems 4.4, 4.5 and Corollary 4.6]). Let S £ [0, |) and gy, £ l 5^ >comp . Then, for 
small h the operator Qh(P{h )) is a semiclassical pseudodifferential operator on M of order (— oo,S), 
and its principal symbol is represented by Qh op. In addition, consider an operator B £ 5'° S (M) C 
B(L 2 (M)) with principal symbol [ 6 ], where b £ S$(M). Then the following assertions hold: 

• For any finite atlas {U a ,"f a } a& ^, : U a A- R n , with a subordinated compactly supported 

partition of unity {ipoffa^A on M and a family of functions {TonTa>Ta}a&A C C{j°(M) such 
that supp ^ Q ,supp <p a ,supp Tp a C U a and Tp a = 1 on supp tpa, T a — I on supp Tp a , and 
Tp a = 1 on supp Tp a , there is a number ho £ (0,1] such that for each N £ N there is a collection 
of symbol functions {i"a,/3,N}a,/3&A C h 1 2S S®(M. n ) and an operator d\N(h) £ B(L 2 (M)) such 
that one has 


(2.7) Bo Q h (P(h))(f) = <Pa ■ Op h (u afi )((/ • T a )° 7a 1 ) °7a 

aeA 

+ ^/3-°P/ ! .( r «,/3,Jv)((/-p Q -^)o7^ 1 ) o 7/ 3 + m A r(h)(/) V / G L 2 (M), h £ (0,h 0 \, 

a,0eA 

when 0 

( 2 -8) u afi = {(Qh°p) -b- fcor)) o( 7 - 1 ,(5 7 - 1 ) t ). 

• The operator ?>\.N(h) £ B(L 2 (M)) is of trace class and its trace norm fulfills 

(2.9) \\X N (h)\\ trtLHM) = 0(h N ) ash^ 0. 

• For fixed h £ (0, ho], each symbol function r a p jf is an element of C(?°(M 2n ) that fulfills 

(2.10) supp r a!l3 ' N C supp ((g h op) ■ b ■ (ip a oT)) o ( 7 - 1 , (d-/f 1 ) T ). 

• The trace of B o Qh(P(h)) is given by the asymptotic formula 


(2.11) tr [B o Q h (P(h))\ =tr [g h (P(h)) o B] 

= (2irh) n / b ■ (g h °P) d(T*M) + O(h 1 - 26 -™vol T * m [swpp (b ■ (g h op))]^) 


as h —^ 0 . 


2.3. Actions of compact Lie groups and symplectic reduction. In what follows, we recall some 
essential facts from the general theory of compact Lie group actions on smooth manifolds. For a 
detailed introduction, we refer the reader to [4] Chapters I, IV, VI]. Let X be a smooth manifold of 
dimension n and G a Lie group acting locally smoothly on X. For x £ X, denote by G x the isotropy 
group and by G ■ x = O x the G-orbit through x so that 

G x = {g £ G, g ■ x = x}, O x = G ■ x = {g ■ x £ X, g £ G}. 

Note that G ■ x and G/G x are homeomorphic. The equivalence class of an orbit O x under equivariant 
homeomorphisms, written [O x \, is called its orbit type. The conjugacy class of a stabilizer group G x is 
called its isotropy type, and written ( G x ). If K\ and K 2 are closed subgroups of G, a partial ordering 
of orbit and isotropy types is given by 

[G/Ki] < [G/K 2 \ (Kf) < (K\) K -2 is conjugate to a subgroup of K\. 

For any closed subgroup K C G, one denotes by X(A') := {x £ X : G x ~ K} the subset of points of 
isotropy type ( K ). 

Assume now that G is compact. The set of all orbits is denoted by X/G, and equipped with the 
quotient topology it becomes a topological Hausdorff space (4j Theorem 1.3.1]. In the following we 
shall assume that it is connected. One of the central results in the theory of compact group actions 
is the principal orbit theorem jT] Theorem IV.3.1], which states that there exists a maximum orbit 


hlere r : T*M —» M denotes the bundle projection, and the composition with (o (> 1 , (d~/ r > 1 ) 7 ) means that we 
compose with the inverse chart 7^ 1 in the manifold variable and with the adjoint of its derivative in the cotangent space 
variable. 
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type [Omax] with associated minimal isotropy type ( H). Furthermore, X(IL) is open and dense in 
X, and its image in X/G is connected. We call [G m ax] the principal orbit type of the G-action on X 
and a representing orbit a principal orbit. Similarly, we call the isotropy type (H) and an isotropy 
group G x ~ H principal. Casually, we will identify orbit types with isotropy types and say an orbit 
of type ( H ) or even an orbit of type H , making no distinction between equivalence classes and their 
representants. The reduced space X(7J)/G is a smooth manifold of dimension n — k, where k is the 
dimension of 0 max , since G acts with only one orbit type on X(IL). 

Next, let us briefly recall some central results from the theory of symplectic reduction of Marsden 
and Weinstein, Sjamaar, Lerman and Bates. For a detailed exposition of these facts we refer the reader 
to l30| . Thus, let (X,w) be a connected symplectic manifold with an action of an arbitrary Lie group 
G that leaves ui invariant. In particular, we will be interested in the case where X = T*M is the 
co-tangent bundle of a smooth manifold M. Denote by g the Lie algebra of G. Note that G acts on 
0 via the adjoint action and on g* via the co-adjoint action. The group G is said to act on X in a 
Hamiltonian fashion , if for each X £ g there exists a C°°-function f x : X —> K. depending linearly on 
X such that the fundamental vector field X on X associated to X is given by the Hamiltonian vector 
field of $x ■ One then has 

cL§x = —X j u>, 

and one defines the momentum map of the Hamiltonian action as the equivariant map 

J : X -> B *, 3{v)(X)=3x(v), 

see m Section 4.5]. It is clear from the definition that a momentum map is unique up to addition of 
a constant function, and it satisfies Ad * ( g _1 ) o 1 = 1 o g. In this case (X, ui, J) is called a Hamiltonian 
G-space , and one defines 

:= J -1 ({0}), Q:=Q/G. 

Unless the G-action on X is free, the reduced space or symplectic quotient H will in general not be a 
smooth manifold, but a topological quotient space. One can show that Q possesses a stratification into 
smooth symplectic manifolds [30} Theorem 8.1.1]. 

Let now M be a connected compact boundary-less Riemannian manifold of dimension n, carrying 
an isometric effective action of a compact connected Lie group G. Then X = T*M constitutes a 
Hamiltonian G-space when endowed with the canonical symplectic structure and the G-action induced 
from the smooth action on Ad. and one has 

(2.12) n=J -1 ({0})= |J AnnT x (G ■ x), 

xeM 

where Ann 14 C TfAd denotes the annihilator of a subspace 14 C T X M. Clearly, as soon as there are 
two orbits G-x, G-x 1 in Ad of different dimensions, their annihilators Ann T x [G-x) and Ann T x (G-x') 
have different dimensions, so that f l is not a vector bundle in that case. Further, let 

M reg := M(H), H reg :=(ln (: T*M)(H ), 

where M(H) and (T* M)(H) denote the union of orbits of type ( H ) in M and T*M , respectively. By 
the principal orbit theorem M reg is open (and dense) in M, and therefore a smooth submanifold. We 
then define 

M reg := M reg /G. 

M reg is a smooth boundary-less manifold, since G acts on Ad reg with only one orbit type and M reg is 
open in Ad. Moreover, because the Riemannian metric on Ad is G-invariant, it induces a Riemannian 
metric on M reg . On the other hand, by |30l Theorem 8.1.1], fl reg is a smooth submanifold of T*Ad, 
and the quotient 

^reg ■— H reg /G 

possesses a unique differentiable structure such that the projection n : H reg —> H reg is a surjective 
submersion. Furthermore, there exists a unique symplectic form uj on H reg such that l*uj = n *o), where 
l : H reg T* Ad denotes the inclusion and ui the canonical symplectic form on T*Ad. Consider now 
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the inclusion j : ( T*M leg nfi)/G c —^ f2 reg . The symplectic form to on ff reg induces a symplectic form 
j*co on (T*M reg n Ll)/G. We then have the following 

Lemma 2.2 (Singular co-tangent bundle reduction). Let u) denote the canonical symplectic form 
on the co-tangent bundle T*M reg . Then the two 2 (n — k)- dimensional symplectic manifolds 

((T*M reg nn)/G,j*Z) ~ (T*M reg ,Q) 
are canonically symplectomorphic. 


Remark 2.3. If M = M reg , the previous lemma simply asserts that 
(2.13) T*M ~h = n/G 


as symplectic manifolds. In case that G acts on M only with finite isotropy groups, M is an orbifold, 
and the relation (2.131 holds as well, being the quotient presentation of the co-tangent bundle of M 
as an orbifold m~ 


Proof. First, we apply m Theorem 8.1.1] once to the manifold T*M and once to the manifold 
T*M reg . Noting that the momentum map of the G-action on T*M reg agrees with the restriction of the 
momentum map of the G-action on T*M to T*M reg , we get that j*ui is the unique symplectic form 
on (T*M reg D Ll reg )/G which fulfills 

(2.14) i*uj = n 

where II : T*M leg —► T*M leg /G is the orbit projection, i : T*M leg n Sl reg T*M Teg is the inclusion, 
and ui is the canonical symplectic form on T*M reg . The rest of the proof is now essentially the proof 
of the standard co-tangent bundle reduction theorem [23], Theorem 2.2.2] for the manifold M reg . A 
detailed proof of the present lemma is also given in [23] . □ 


2.4. Measure spaces and group actions. In what follows, we give an overview of the spaces and 
measures that will be relevant in the upcoming sections. If not stated otherwise, measures are not 
assumed to be normalized. As before, let M be a connected compact boundary-less Riemannian 
manifold of dimension n with Riemannian volume density dM, carrying an isometric effective action 
of a compact connected Lie group G with Haar measure dg. Let k be the dimension of an orbit of 
principal type. Note that if dim G > 0, dg is equivalent to the normalized Riemannian volume density 
on G associated to any choice of left-invariant Riemannian metric on G. If dim G = 0, which in our 
case implies that G is trivial, dg is the normalized counting measure. Consider further T*M with its 
canonical symplectic form w, endowed with the natural Sasaki metric. Then the Riemannian volume 
density d(T*M) given by the Sasaki metric coincides with the symplectic volume form w n /n!, see [22} 
page 537]. Next, if Ll := J -1 ({0}) denotes the zero level of the momentum map 1 : T*M — » g* of the 
underlying Hamiltonian action, we regard f2 reg C T*M as a Riemannian submanifold with Riemannian 
metric induced by the Sasaki metric on T*M, and denote the associated Riemannian volume density 
by dfl reg . Similarly, let 

(2.15) C := {(77 ,g) £ LI x G : g ■ g = 77 }. 

As O, the space C is not a manifold in general. We consider therefore the space Reg C of all regular 
points in C, that is, all points that have a neighbourhood which is a smooth manifold. Reg C is a 
smooth, non-compact submanifold of T*M x G of co-dimension 2 k, and it is not difficult to see that 

Reg C = {( 77 , g) ellxG, ^ • 77 = 77 , g £ H reg }, 

see e.g. (32} (17)]. We then regard Reg C C T*M x G as a Riemannian submanifold with Riemannian 
metric induced by the product metric of the Sasaki metric on T*M and some left-invariant Riemannian 
metric on G, and denote the corresponding Riemannian volume density by d(Reg C ). In the same way, 
if x £ M and g £ T*M are points, the orbits G • x and G • g are smooth submanifolds of M and T*M , 
respectively, and if they have dimension greater than zero, we endow them with the corresponding 
Riemannian orbit measures, denoted by dpa-x and dpLc-ri, respectively. If the dimension of an orbit is 
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zero, it is a finite collection of isolated points, since G is compact, and we define dpc-x and dpc-r] to be 
the counting measures. Further, for any Riemannian G-space X, we define the orbit volume functions 

voIq : X — > (0, oo), x ha volG x = vol(G • x), vol : X/G — > (0, oo), G<->volG. 

Note that by definition we have vol > 0, volq> > 0 for all orbits, singular or not, since the orbit volume 
is defined using the induced Riemannian measure for smooth orbits and the counting measure for finite 
orbits. An important property of the orbit measures is their relation to the normalized Haar measure 
on G. Namely, for any orbit G • x and any continuous function / : G • x — > C, we have 


(2.16) 


[ fix') d^G-x{x') = vol (G • x) [ fig ■ x) dg. 
Jg-x Jg 


To see why (2.16) holds, recall that there is a G-equivariant diffeomorphism $ : G • x —> G/G x . Then 
is a G-invariant finite measure on G/G x . Similarly, if II : G — > G/G x denotes the canonical 
projection, n*(d<?) is also a G-invariant finite measure on G/G x . Hence, Q^idpc-x) — C • Tl*(dg) for 
some constant G which is precisely given by vol(G • x), since n*(dg) is normalized. Observing that 
J G fid x ) dg = f G/Gx f(gG x x)U t (dg), (2.16) follows. 

We describe now the quotient spaces and measures on them that will be relevant to us. Let dM leg be 
the Riemannian volume density on M reg associated to the Riemannian metric on M reg induced by the 
G-invariant metric on M . Regarding the co-tangent bundle T*M reg , we endow it with the canonical 
symplectic structure and let d(T*M leg ) be the corresponding symplectic volume form. Again, it 
coincides with the Riemannian volume form given by the natural Sasaki metric on T*M leg . Similarly, 
the symplectic stratum fi reg carries a canonical symplectic form ui from EDI Theorem 8.1.1], and 
dil leg = /(n — k)! denotes the corresponding symplectic volume form. One can then show that 

dfl leg agrees with the Riemannian volume density associated to the Riemannian metric on fi reg induced 
by the Riemannian metric on f2 reg , see Lemma ED Since orbit projections on principal strata define 
fiber bundles @1 Theorem IV.3.3], Lemma [A. 1| implies that dpc-x and dpG-v are the unique measures 
on the orbits in M leg and H rog such that 

(2.17) [ f(x) dM(x) = [ [ f{x') d/iG-xix 1 ) dM reg (G ■ x) V/e G(M reg ), 

J M reg JM„ g J Gx 


(2.18) 


fin) d(ttreg)(n) = 


' G-rj 


fin') duc-vin') dn reg (G • ??) v / e c(n reg ). 


Next, hypersurfaces will be endowed with the measures induced by the measures on the ambient 
manifold, see Lemma [A. 8 1 Thus, for our Hamiltonian function p : T*M —> K. with regular value c £ K, 
there is a canonical measure dT, c on the hypersurface S c = p -1 ({c}), induced by the symplectic volume 
form on T*M, or equivalently, by the Riemannian volume density associated to the Sasaki metric. In 
the case £ c = S*M it is called the Liouville measure and denoted by d(S*M). Similarly, for S*M leg , 
the unit co-sphere bundle over M reg , the induced measure d(S*M res ) is the Liouville measure, and for 
a general hypersurface £ c := p^ 1 ({c}), where p is induced by p and H reg is endowed with the measure 
dfl leg , we denote the induced hypersurface measure by d£ c . Furthermore, since the intersection is 
transversal, £ c D H reg is a smooth hypersurface of H reg , and therefore carries a measure /i c induced by 
<A2 reg . As the orbit projection £ c D H reg —> T, c is a fiber bundle, fi c fulfills 


(2.19) 


fin)dndn) = 


fin') dpc-vin') d^dG • ?? ) v / g G(£ c n n reg ). 


E c n n r , 


E c G- V 


Finally, let dM := n*dM be the pushforward of dM along the canonical projection n : M —> M := 
M/G. This means that, for / £ G(M), we have 

[ f{G)dM(G)= [ f o tt{x) dM{x). 

J M J M 
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In what follows, we will use the orbit volume functions vol and voIq together with the previously 
defined measures to form new measures. This way we obtain on M the measure and on E c (~l f2 reg 
the measure These measures are of fundamental importance in this paper and its sequel [25 i. 

Finally, for a measure space (X, p) with /i(X) < oo and a measurable function / on X, we shall use 
the common notation 



2.5. Singular equivariant asymptotics. As it will become apparent in the next section, our results 
rely on the description of the asymptotic behavior of certain oscillatory integrals that were already 
examined in [32j [38] while studying the spectrum of an invariant elliptic operator. Thus, let M be 
a Riemannian manifold of dimension n carrying a smooth effective action of a connected compact 
Lie group G. Consider a chart 7 : M D U V C R n on M, and write (x, £) for an element in 
T*U ~ U x R” with respect to the canonical trivialization of the co-tangent bundle over the chart 
domain. Let a^ £ C£°(T*U x G) be an amplitude that might depend on a parameter p £ R >0 such 
that (x, £, g ) £ supp implies g ■ x £ U, and assume that there is a compact ^.-independent set 
K, CT*U x G such that supp a ^ C /C for each p. Further, consider the phase function 

(2.20) $(x,^,5) := (y(x) - 7(3 • x),C), {x, £, g) £ supp a^, 


where (•,•) denotes the Euclidean scalar product on R n . It represents a global analogue of the mo¬ 
mentum map, and oscillatory integrals with phase function given by the latter have been examined in 
[33] in the context of equivariant cohomology. The phase function *F has the critical set [321 Equation 
following (3.3)] 

Crit($) = {(x,£,$) £T*UxG: ($*)(x,£, 9 ) = 0} 

= {(*,&$) € (nr\T*U) xG: g-(x,0 = (x,£)} =CnT*U, 


with C given as in (2.15), and the central question is to describe the asymptotic behavior as /r -A +00 
of oscillatory integrals of the form 


( 2 . 21 ) /(/*)=/ [ e i ^^a ti {x,t 1 g)dgd(T*U){x,0- 

Jt*u Jg 

The major difficulty here resides in the fact that, unless the G-action on T*M is free, the considered 
momentum map is not a submersion, so that the zero set fl of the momentum map and the critical set 
of the phase function $ are not smooth manifolds. The stationary phase theorem can therefore not 
immediately be applied to the integrals I{g). Nevertheless, it was shown in [32] that by constructing 
a strong resolution of the set 

A/"= {(p,g) £ M x G : g ■ p = p} 


a partial desingularization Z : X -> X := T*M x G of the critical set C can be achieved, and applying 
the stationary phase theorem in the resolution space X, an asymptotic description of I(p) can be 
obtained. Indeed, the map Z yields a partial monomialization of the local ideal /$ = ($) generated 
by the phase function ( 2 . 20 ) according to 


Z*(I*)-S s * = 


n 


I, 

a j 


Z. {!*)■£* 


X’ 


where denotes the structure sheaf of rings of X, Z*(/$) the total transform, and Zy 1 (/$) the 
weak transform of /$, while the tjj are local coordinate functions near each x £ X and the lj natural 
numbers. As a consequence, the phase function factorizes locally according to $ o Z = • & wk , 

and one shows that the weak transforms $> wk have clean critical sets. Asymptotics for the integrals 
J(/i) are then obtained by pulling them back to the resolution space X, and applying the station ary 
phase theorem to the & wk with the variables aj as parameters. Thus, with k and A as in Section |l. 2 1 
one has 
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Theorem 2.4 (| 


( 2 . 22 ) 


Theorem 2.1]). In the limit g — > +oo one has 

2tt^ K I ' _ an( x ’tg) 

h 


m- 


RegC 


<C sup \\D a^\\ g 

l< 2/t+3 


det <f>"(x,£,g)\ N ^ ( g) Re gC 

—\\ogg) A -\ 


1/2 


d(RegC)(x, £, g) 


where D l is a differential operator of order l independent of g and a^ and C > 0 a constant independent 
of g and atoo. The expression <E>"(x, g)N, a . £ } RegC denotes the restriction of the Hessian of $ to 


the normal space of RegC inside T*U x G at the point (x, £,<?). In particular, the integral in (2.22) 
exists. 

The precise form of the remainder estimate in the previous theorem will allow us to give remainder 
estimates also in the case when the amplitude depends on g. To conclude, let us note the following 


Lemma 2.5. Let b £ Gf°(fl fl T*U ) and x £ G. Then 

f x(g)Hx,f) 


dQ 




RegC 


det $"(x,Z,g) lNMg)Reg c 


T j^d(RegC){x,f,g) = [tt x \ h : 1] J b(x,£) volo ( G .'( x 


or 


Proof. By using a partition of unity, the proof essentially reduces to the one of [9J Lemma 7], which is 
based on a result of j8j Section 3.3.2], and involves only local calculations. Furthermore, b £ Cf°(ri leg ) 
is required there. However, similarly as in 32l Lemma 9.3], one can use Fatou’s Lemma to show that 
it suffices to require only b £ C“(H). □ 

3. An equivariant semiclassical trace formula 


In this section, we generalize the semiclassical trace formula (2.11| to an equivariant semiclassical 


trace formula, which will be crucial for proving the generalized equivariant Weyl law in the next 
section. As before, let M be a closed Riemannian manifold of dimension n without boundary, carrying 
an isometric effective action of a compact connected Lie group G such that the dimension k of the 


principal orbits is strictly smaller than n. Recall the Peter-Weyl decomposition (1.21 of the left-regular 
G- representation in L 2 (Af), and consider a Schrodinger operator (1.11 with G-invariant potential and 
Hamiltonian (1.4). 


Theorem 3.1 (Equivariant semiclassical trace formula for Schrodinger operators). Let 6 £ 

[0, 2 k+ 3 )i 6h G 5j Comp , and choose an operator B £ *3 s(M) C B(L 2 (M)) with principal symbol [6] 
represented by b £ Sg(M). Consider further for each h £ (0, 1] the trace-class operator 

6h{P{h)) o B : L 2 (M) —> L 2 (M). 

Then, for each semiclassical character family {3441^(0,1] growth rate D < 2f L -3 — ^ one ^ as * n 
the semiclassical limit h —> 0 the asymptotic formula 


(3.1) 


(2tt h) n ~ 


E 

x6W h 


tr (g h {P(h)) o B)> 
d x [tt x \ h ■■ 1] 


= J + (log h~ v 


A —1 


Remark 3.2. The integral in the leading term can also be written as f T ,^ (dh °p) (b )q d[T* M reg ), 


with notation as in (1.5). To see this, one has to take into account (2.16), ( |2.18| ) and the G-invariance 


of p, and apply Lemma 2.2 and Corollary A.3 In case that M = M/G is an orbifold, the mentioned 


integral is given by an integral over the orbifold co-tangent bundle T*M, see Remark 


2.3 


Remark 3.3. If G is trivial, the resul t agrees almost complete ly w ith (2.11), the only difference being 
that the remainder estimate in (2.11) is of order /i 1-25 , while (3.1) yields for trivial G (i.e. k = d = 0, 
A = 1) only the weaker order h l ~ id . 
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Proof. Let us consider first a fixed x £ G. Introduce a finite atlas {U a , 7 a } a e.A, 7a : U a — > R n , 
with a subordinated compactly supported partition of unity {ip a }aeii on M and a family of functions 
C C£°(M) such that supp ,supp ,supp C t/ a and Tp a = 1 on supp 
e 1 on supp </5 a , and Tp a = 1 on supp y> Q . For each a € A, set 

Ua, o ■= ((gh°p) - b- (<p a or)) o (7~ 1 , (d'y~ 1 ) T ). 

Clearly, u at o £ Then, by Theorem 2.1 there is a number ho > 0 and for each N £ N a 

collection of symbol functions {^a,/3,Af}a,/3eA C h 1 2<5 5'°(M”) and an operator D\]y(h) £ f?(L 2 (M)) 
such that for h £ (0, /io] 

[T x oBo gfl (P(/i))](/) = ^ T x (rp a ■Op ft (« Q ,o)((/^ a )°7; 1 ) °7«) 

+ Y T x(^/3 • °Pft( ? 'a,/3.Iv)((/ -P Q -P^) oy^ 1 ) 0 7/3 ^ +T X olHjv(/l)(/) 

a,0&A 

for all / £ L 2 (M). Moreover, the operator fHjvW £ B{h 2 (M)) is of trace class, its trace norm fulfills 

II^Ar(/i)llt r ,L 2 (M) = 0{h N ) as h —> 0, 

and for fixed h £ (0, ho] each symbol function r a p {f is an element of C£°(R 2 ™) satisfying 
(3-2) supp r a ,p tN C supp ({eh °p) ■ {Va or)) o (y" 1 , (d"/~ 1 ) T ). 

Inserting the definition (1.3) of the projection T x one sees with (2.2) that each of the operators 

A a : / ^ T x{fa ■ Op h (u a ,o)(U - Pa) °7^) ° 7a) , 

A a,0,N ■ f^ T x(jPp ■°P).( r aM)((/^a'^) 0 7^ 1 ) °7(?) 
has a smooth, compactly supported Schwartz kernel given respectively by 

K A x(x 1 ,X 2 ) = J G J R x(3)^a(ff _1 ' x l) 

e ^<7 0 ( g - 1 -x i )-7a(x a ),^) Ma|0 ( 7a(g 1 - a 'l)+7 a ^ 2 ) ,^ /? )p afe)d??dg ( v0lg j 7a(:r2)) )-l i 


AblX (011,0:2) = 

’ ’ (27T/l) r 


/ / X(5)^(5 1 ’ x i) 

jg jp 


1 -xi)-'r/3(x 2 ),ri) 7 


i,/ 3 ,iv( 


>G 

-.-1 


7/3(5 1 • 27) + 7/3 (2/2) 


V,h)(<p a • ^sX^djjc^Volg^y^a^))) , 


where £1,0:2 £ M, and Vol ga : R" —► ( 0 , 00) denotes the Riemannian volume density function in local 
coordinates, given by Vol ga (y) = -y/det g a {y), 9a being the matrix representing the Riemannian metric 
on M over the chart U a . Consequently, we obtain for arbitrary N £ N that 

tr (g h (P(h)) o B) y = tr [T x o B o g h (P(h))\ 

(3.3) 

IM 


= Y [ K A*(x, x )dM(x) + Y [ k a x b (x,x)dM(x) + 0(h N ), 

a,0^A Ju 


where we took into account that the trace is invariant under cyclic permutations and T x commutes 
with Qh{P{h)). Furthermore, |trQ| < ||Q||t r l 2 (M) f° r an y trace class operator Q , and 

\\T x om N (h)\\ ti ^ 2{M) < ||Kjv(/l)|| triL 2 (M) \\T X \\ B{L 2 {M)) — l^3/v(^-) ll tr ,L2(M) 

so that the 0(/i Ar )-estimate is independent of x- Let us consider first the integrals in the second 


summand 


k a * „ (x,x)d,M(x) = 


I M 


(2irh) r 


GJT-Ufi 


( x ) — 7/3 (fl-x) ,«> U X,N ^ i9ih ) dgd yrUp)(x t 0, 
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where (•, h) £ C{?° ( T*Up x G) is given by 

( 3 - 4 ) u a’j3 (X) £,g, h) =x(g)Vp(x)r a ,p }N ( J l3( ' X ' > + ^ ■ ^p){g ■ x)J(x,g), 

J(x,g) being the Jacobian of the substitution x = g ■ x' . By definition of the class 5* lcornp there is a 
comp act interval I CK with supp Qh C I for all h £ (0,1]. Taking into account (3.2 ) and the definition 
(1.4) of p we see that the function is supported inside a compact h- independent subset of 


TJp x G. Theorem 2.4 now implies for each N £ N the estimate 

f u a’J( : uCg,h) 


(2nh) n / K a x (x,x)dM(x) — d x (2irh) 


(3.5) 


Reg Cp 
lh,X,N\\ j k +1 


det ^"(x,^,g)\ N( ^ g)RegC p 


Ypi d(RegCp)(x, £, <?) 


<C ai p iN d x sup \\D l u*’g || /i K+1 (log/i x ) 

l< 2k+3 


A—1 


where RegC^ = {(x,£,g) £ (Cl n T*Up ) x G, g ■ (x,£) = (x,£), x £ M(H)}, D l is a differential 
operator of order Z, and &”(x, £, g)\N^ e s) Re g Cp denotes the restriction of the Hessian of 4>(x,£, <?) = 
( 7 p(x) — 7 p(g ■ x),£) to the normal space of RegC /3 inside T*Up x G at the point (x,£,g). Note that 
the domain of integration of the integral 


^a„9,ivW J 


U a’!f)( X ’€’9, h ) 


Reg Cp 


det <t>"(x,(;,g)\ N )RegC p 


YJ 2 d(Reg Cp)(x,£,g) 


contains only such g and x for which g ■ x = x, so that it simplifies to 
(3.6) %a,p,NW = 


x(g)r a ,p,N(jp(x),t:,h)(ip a -(pp)(x) 

TJT~ d ( Re sCp)(x,^g). 


Reg Cp 


det ^"{x,^g)\ N RegC p 


Here we used that J[x,g) = 1 in the domain of integration, sin ce th e substitution x' = g ■ x is the 
identity when g ■ x = x, and that Tpp e 1 on supp Xpp. By Lemma 2.5 this simplifies further to 


= Kxk : !] J r a ,p,Nhp(x),£ 1 h){<p a ■ ipp)(x) 


or 


We obtain that there is a constant C a ,p t N > 0, independent of h and y, such that 
\%Z,P,nW\ < C a ,p,N [ 7 T x \h ■ 1] || r a 1( S,Af Hoc || (Pa ' <Pf)) || ^ ■ 

As r a ,p } N is an element of h 1 _ 2 , 5 S , °(K ri ) we have that Hra^jvH = O(Zi 1_2<5 ), so that we conclude 

l^a,/3,JvW| 


F* h 


: 1 ] 


= 0(Zp 2S ) as h —> 0, 


the estimate being independent of y. Now, we combine this result with (3.5) and the relation r at p jv £ 
h 1 - 26 Sg(M. n ) to obtain the estimate 

(3.7) f K AX (x,x)dM(x) =o(d x [n x \ H :t]h 1 - 25 - n+K + 

J M ’ v 

d x sup ll^xll h -n+ K +l-6(2 K +3)+l-2S (l 0 g/j " P ) A_1 \ 
1<2k.+3 °° ' 
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where D l is a differential operator of order l on G and the constant in the estimate is independent of 
X■ Since A is finite, we conclude from (3.3) and (3.7) that 


(3.8) 


tr (g h (P(h)) o B) = V' [ K A x (x, x) dM(x) 
^A Jm 


+ o(h 1 - 25 - n+K d x \[n x \ H :t}+ sup WD'xW^h 1 - 5 ^^ (logh- 1 ^ M), 

' L 1< 9*4-3 -I / 


1 — 26— n+Ac . 

l X L"Xl H ^IT 

1<2k-\-3 

with the constant in the estimate being independent of y. Let us now calculate the integrals in the 
leading term. Again, we can apply Theorem 2.4 and by steps analogous to those above we arrive at 

[ K A x(x,x)dM(x) - d x (2nh) K [w x \ H : 1] [ u Q;0 ( 7 a (x),£,/i)^ a (x)— 

Im 


vol (G- (x,£)) 


<C a d x sup H^'xL sup ||£) i u a ,o|| 00 ft K+1 (log/i x ) 


A — 1 


l'< 2 k+3 


l< 2 k+3 


where C a is independent of h and y, and D l is a differential operator on K 2n of order l. Since Qh is 
an element of l 5 ^ >comp one has sup /<2K+3 ||-D*ti ai o|| = O (h~^ 2K+3 ^ 5 ), yielding the estimate 


(2nh) n J K a x(x,x) dM(x) - d x (27rh) K [n x \ H : 1] J ((g h °p) ■ b ■ ip a ){x,()-^ 


d£l re g(x, £) 


= O 


vol (G • (x,£)) 

“reg 

G 1+k _ (2k+3 )S dx sup ll^yll (log h-Y” 1 ) 

v l< 2 k+3 ' 


as h —> 0. Summing over the finite set A, and using (3.8) together with ip a = 1 on supp ip a and 
SaeA Pot = 1 we finally obtain 


(3.9) (2? Th) 


tr (8h(P{h))oB)^ 
d x [tt x \ h : 1] 


= J ((Qh op) ■ &)(x,£) ; 


dfl reg (x, £) 


vol (G • (x,£)) 

“reg 

+ O (h 1 - 25 + W^h 1 -^ 2 ^ (log h 

where the constant in the estimate is independent of x and we introduced the notation 

sup z < 2K+ 3 \\D l x\L 


-1 


A —1 


(3.10) 


W K ( X ) := 


[n x \ H ■■ 1] 

Now, having established the result ( |3.9| ) for a fixed y, we know precisely how the remainder estimate 
depends on y and we see that the leading term is independent of y. Thus, we can average for each 
h € (0,1] each summand in (|3.9[) over the finite set Wh to obtain the result 


{2nh) r 


E 


tr (e h (P(h)) oB)^ 


* Wh x ew h d xkxk :1 ] 


((e h op) ■ b){x,0 


dQ re g(x, £) 
vol (G • (x,£)) 


+ o(h 1 ~ 2S + 


L#Wh 


E (logh- 1 ) 


A-l 


xeWh 


To finish the proof, it suffices to observe that since the growth rate of the family {Wh}^ e (o,i] is i? we 
have j±w h SjceWh W»(x) = 0(h~( 2ft+3 ^) as h —> 0, and the assertion (3.1) follows. 


□ 


4. A GENERALIZED EQUIVARIANT SEMICLASSICAL WEYL LAW 

Let the notation be as in the previous sections. We are now in the position to state and prove the 
main result of this paper. 
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Theorem 4.1 (Generalized equivariant semiclassical Weyl law). Let 5 £ (0, 2 ^ +4 ) and choose 
an operator B £ g(M) C B(L 2 (M)) with principal symbol represented by b £ Sg(M) and a semi¬ 
classical character family {Wft}fte(o,i] with growth rate d < 1 ■ Write 

J(h) := {j £ N : Ej(h) £ [c,c+h s ], Xj( h ) G Wh}, 
where XjQ 1 ) £ G is defined by Uj(h) £ Then, one has in the semiclassical limit h —)■ 0 


(27T 


i n— k un—K—S 


E 


{Buj{h),Uj(h)) L 2 ( M ) 




. e 1 -( 2 k + 3 )i 9 <- 

+ o ft' 5 + /i^s+4- 5 


’0 


(log h 


-1 


A-l 


kxj(/»)!«■ : *1 J vol ° 

' ' S C D \ l re g 

Remark 4.2. Note that the second summand in the remainder dominates the estimate if an d on ly if 


S > 1 4k'+ 8 3 ^ • F ur fl ier ; the integral in the leading term equals Jg (b) G d£ c , compare Section 
it can actually be viewed as an integral over the smooth bundle 


2.4 


and 


S~ c (M reg ) := {(*,0 G T*(M leg ) : p(x,f) = c} , 


where p is the function on T* (M reg ) induced by p via Lemma 2.2 In case that M is an orbifold, the men¬ 


tioned integral is given by an integral over the orbifold bundle S~ C (M) := |(ai, £) £ T*M : p(x, £) = c|, 
compare Remark |3.2| 


In the special case of a constant semiclassical character family, corresponding to the study of a 
single fixed isotypic component, we obtain as a direct corollary 

Theorem 4.3. Choose a fixed x £ G. Then for each 5 £ (0, 9 A. ) one has the asymptotic formula 


(: 2n) n - K h n - K ~ 5 


E {Bu j {h),u j {h))- L *( M )=d x { 7T x |ij : 1] J b 


dp c 

vol 


(4.1) 


je N: Uj (h)eh J x (M), 
Ej{h)e[c,c+h 5 ] 


s c n £i r( 


o 


+ o(/i <5 + ft^ 1 F4"‘ 5 (log/i- 1 ) A 1 ), h-> 0. 


Remark 4.4. A weaker version of Theorem 4.3 can be proved if instead of the spectral window [c, c+h s ] 
one considers a fixed interval [r, s], the numbers r, s being regular values of p. One can then show that 

( Buj(h ), Wj(/i)) L 2 (m) 


(2t rhy 


E 


jeN: Uj (h)eL 2 x (M), 
Ej(h)e[r,s] 


d x [tt x \ h ■■ t] 


J b ^ + O (/ia** (log/ l - 1 ) A - 1 ) , 


p 1 ([d^] )n£i reg 


which is proven in complete analogy. The even weaker statement 

(Buj(h), Uj(h)) L 2(jy) 


lim (27 t h) r 
h->0 


E 


jeN:«Rfc)£Lj(M), 

Ej{h)e[r,s] 


d x Wx\h ■ 1] 


^ g 

vol n 


p _1 ([r,s])nf2 r , 


could in principle also be obtained without the remainder estimates from [33] using heat kernel methods 
as in m or [Bj, adapted to the semiclassical setting. Nevertheless, for the study of growing families 
of isotypic components and shrinking spectral windows as in Theorem |4.1| remainder estimates are 
necessary due to the lower rate of convergence. 


Proof of Theorem \4- 1\ The proof is an adaptation of the proof of |43t Theorem 15.3] to our situation, 
but with a sharper energy localization. Again, we consider first a single character y £ G. Let 
h £ (0,1] and fix a positive number A < 2 k +3 ~ Choose f\.h,9\,h £ C£°(R, [0,1]) such that 


2k+3 
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supp fx, h C {-\ + h x ,\- ft A ], fx, h = Ion [-| + 3 h x , | - 3ft A ], supp g x>h C [-4 - 3ft\ | + 3ft A ], 
ffA.h = 1 on \-\ - h x , \ + ft A ], and 


(4.2) 


I dl fx,h(v)\ < Cj h~ x \ | d{ gx, h (y )I < C Y 


compare EDI Theorem 1.4.1 and (1.4.2)]. Put c(ft) := ch 5 + so that x >-> h s x — c(ft) defines 
a diffeomorphism from [c, c + ft 5 ] to [—1/2,1/2], and set fx,s,h{x ) := fx,h(h~ s x — c(ft)), gx,s,h ( x ) : = 
g\,h(h~ S x — c(ft)). Let II X be the projection onto the span of {uj(ft) G L 2 (M) : Ej(h) G [c, c + ft 5 ]}. 
Then 


(4.3) 


f\,6,h{P(h))x ° n x = n x O fx,5,h(P(h)) x = fx,6,h(P(ti)) x , 

g\,s,h( p ( h ))x ° n x = n x ° 9\,s,h(P{h)) x = n x . 


Note that the operators fx,s,h(P(h)), gx,S,h(P(h)), II X are finite rank operators. For that elementary 
reason, all operators we consider in the following are trace class. In particular, by (4.31 we have 


E 


(Buj (ft), Uj (h)}^ 2 (M) = tr II X o B o II X 

= tr fx A h(P(h)) x o B x + tr n x o gx,s,h{P{h)) x o (1 - fx,s,h{ P ( h ))x ) oB x° n * 

= tr ( fx,S,h ( P ( h )) ° B ) x + tr n x ° (. 9\,S,h ( P ( h )) ° (! - fx,6,h(P(h))) o B) x o n x . 

"-v- : -' 

=5tj ,s,h 


Ej(h)^[c,c+h s } 

(4.4) 


In what follows, we shall show that the first summand in ( |4.4[ > represents the main contribution, while 
9^\,s,h becomes small as ft goes to zero. For this, we estimate d\x,s,h using the trace norm. Recall that 
if L G Z?(L 2 (M)) is of trace class and M G S(L 2 (M)), then ||LM|| tr L2(M) < ||T|| triL2(M) ||M|| b(l2(m)) , 
see e.g. [43] p. 337]. By the spectral functional calculus this implies 


< n x o (. gx,s , h ( p ( h )) ° (! - fx,s,h(P(h))) o B\ o n 


(4.5) 


< 


{g\,s, h (P(h)) o (1 — fx,8, h (P{h)))) 


tr,L 2 (M) 


X 

B 


tr,L 2 (M) 
B(L 2 (M)) 


— ||UA,(5,/»(-P(ft)) X || tr)L2 (jif) II-®IIb(L 2 (M)) 


where we set v\,s,h = 5a,<5,/i(1 — fx,s,h) G C/°(K, [0,1]). In particular, v x ,s,h is non-negative. By the 
spectral functional calculus, vx,s,h(P(h)) is a positive operator. T x is a projection, hence positive as 
well. Moreover, by the spectral functional calculus, v\,s,h{P(h)) x commutes with T x , as P(h) does. 
It follows that vx,s,h(P(h)) x is positive as the composition of positive commuting operators. For a 
positive operator, the trace norm is identical to the trace. Therefore (4.51 implies 

(4-6) \\ b \\b(l, 2 (m)) v \, 5 ,h{P(h)) x . 

From our knowledge about the supports of fx,h and gx,h, we conclude that 

(4.7) supp vx,s,h C [c — 3ft A ft 5 , c + 3ft A ft 5 ] U [c + ft 5 — 3ft A ft 5 , c + h s + 3ft A ft 5 ]. 

Now, note that the functions fx,s,h, 9 \,s,h, v\, 5 ,h are elements of iS^f°/ np . Since we chose A such that 
A + 6 < 2 J+ 3 ; we can apply (3.9) with B = id l 2 (m) to conclude 

dfl ri: 


(4.8) 


(27T ft) 


% - K tr vx,s,h(P(h)) > 

d x [Tr x \ H ■ 1] 


(v\,s,h ° P ) 


vol ( 


< c(h}-^ x+s) +fF K (x)ft 1_(A+5)(2K+3) (logft” 1 ) A lS j, 
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where C is independent of h and x> and W K (x) was defined in (3.101. On the other hand, applying 
(3.9) to the first summand on the right hand side of (4.4) yields 


(4.9) 


(27 rh) 


tr (f x ,s,h (P(h))oB) > 

d xW \h ■ 1] 


/o re 

< 


(hAh°P)b dQieS 


vol 


o 


c(h 1 -^ x+5 '> + W K (x)h 1 ~ {x+5){2K+3) (log/i" 1 ) A *), 


where C is a new constant independent of h and x ■ Next, observe that the supports of the func¬ 
tions v\,s,h ° P and v\,s,h ° P are contained in tub ular neighbourhoo ds of width of order h s+x around 
hypersurfaces of T*M resp. T*M reg , and Lemma 


A.9 


and Corollary 


A.10 


imply 


(4.10) 


[ Kwop)^ 

/n rei vol 0 


[ _ (v x ,s, h o p)d(T*M ieg ) = 0 (h s+x ) 
J T*M rP ~ 


as h — > 0. 


Combining (4.4)-(4.10) leads to 


{2nh) T 


E 


(4.11) 


jeN: 

Ej(h)e[c,c+h s ] 


(), Uj(h)) L 2(jy) 
d \ [*x\h ■ 1] 


(fx, S ,h°P)b dn ^ 

vol Q 


A —1 


+ o(h s+x + h i- 2 ^) + W K {x)b 1 ~ (X+S)(2K+3) (log h- 1 ) 

the constant in the estimate being independent of %■ We proceed by observing 

. dfl 


(4.12) 


(. fx,s, h °P)b dnreg 


‘reg 


vol 


O JO rBg np _1 ([c,c+ft,' 5 ]) 

< 


VOl( 


[ _ {v\, 5 ,h ° p) bd(T*M leg ) =0(h x+s ). 
J T* Mrf.tr 


Furthermore, with S c = p 1 ({c}), S 0 = p 1 ({c}), and the notation from (1.5) one computes 


1 

¥ 


(4.13) 


'n r0g np -1 ([c,c+fr,' 5 ]) 


^ dfl re g 1 

vol o h s 


T*M reg r>-»([c,c+/c 5 ]) 

= f (b) G dZ c + 0(h s ) = 


(b) G dT* M leg 

f l 


vol 


s c n 


o 


0(h 5 ), 


where we took into account Lemmas 2.2 and Corollary A.10 Combining (4.11)-(4.13) then yields for 
a fixed x € G 


( 2TT) n - K h n - K ~ s 


E 


(4.14) 


jeN: MMeLJ(M) 
E j (/i)e[c,c+/j' 5 ] 


(), Uj(h i)) L 2( M ) 
d x [7r x | ff : 1] 


| dfic 
vole 


s c n n r , 


■-,-1 


. A—1 


= 0(V + h A + W k (x)/i 1 - (a+5)(2k+3) " 5 (log h~ 

Here, the constant in the estimate is independent of X- Just as at the end of the proof of Theorem 


3.1 we can now take for each h G (0,1] the average over the finite set Wh, and knowing that Wh has 

(Buj(h),Uj(h))^ 2 ( M ) r 


growth rate d, we get 

(27r) T1_K /i rl_K_ ' s 


*w h 


| d/J c 
vol c 


y 

s c nn reg 

= 0(V + /l A + /jl-(A-H+#)(2»c+3)-« (log : ) A_ 1 ) . 


(4.15) 
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Finally, we choose A such that the remainder estimate is optimal for the given constants S and This 
is the case iff A = 1 — (A+ 6 + 0)(2 k + 3) — <5, which is equivalent to 

. 1-(2k+ 3)0 . 

A = ---:-0. 

2 k + 4 

This choice for A is compatible with the general technical requirement that A < 2 k +3 ~~ ^ an< l the 
assertion of Theorem 14.11 follows. □ 


As consequence of the previous theorem we obtain in particular 


Theorem 4.5 (Equivariant Weyl law for semiclassical character families). For each \ £ G, 
denote by mult x (Ej(h)) the multiplicity of the irreducible representation n x in the eigenspace £j(h) 
corresponding to the eigenvalue Ej(h). Then one has in the limit h —> 0 the asymptotic formula 

(2Tr) n ~ K h n ~ K ~ s ^ mult x (Ej(h)) 




J\'~U _ , _ y 

dim £j(h) ■ \tt x \ h : 1] “ 




XCVVfe, 

Ej (h)g [c,c+h 6 ] 


□ 


Again, in the special case that 144 = {y} for all h £ (0,1] and some fixed \ £ G we obtain 


Theorem 4.6 (Equivariant Weyl law for single isotypic components). Choose a fixed y £ G. 
Then one has in the limit h — , 0 

mult x (Ej(h)) 


(2n) n ~ K h n ~ K ~ s 


E 


jGN: 

Ej (7i)g [c,c+h s \ 


dim £j(h) 


= [tt x \ h : t\vol d j,Yi c + O (h 5 + h z »+* 6 (log ft 1 ) A 1 ^. 


□ 


Remark 4.7. Note that the leading terms in the formulas above are non-zero. Indeed, if c is a regular 
value of p and consequently of p , both X c and £ c are non-degenerate hypersurfaces, which implies that 
their volumes are non-zero. 


As mentioned before, the proof of the generalized equivariant semiclassical Weyl law in Theorem 4.1 
relies on the singular equivariant asymptotics which are the content of Theorem|2.4 


Hereby one cannot 

assume that the considered integrands are supported away from the singular part of f2, in particular 
when localizing to £ c D f2 reg in (4.13). This means that for general group actions a desingularization 
process is indeed necessary, as the following examples illustrate. 


Examples 4.8. 

(1) Let G be a compact Lie group of dimension at least 1, acting effectively and locally smoothly 
on the n-sphere S n with precisely one orbit type. Then G either acts transitively or freely on 
S n gl Theorem IV.6.2], In the latter case, G is either S 1 , S 3 , or the normalizer of S' 1 in S 3 . 
Consequently, if M is an arbitrary compact G-manifold, S*M will contain non-principal isotropy 
types in general. As a simple example, consider the linear action of G = S 1 on the 3-sphere 
M = S 3 = {x £ R 4 : ||x|| = 1} given by 


S' 1 = {z = eif, £ [0, 2tt)} R( z ) 


l 1 0 

0 1 

0 0 

\0 0 


0 

0 

COS 4> 

— sin (f> 


° \ 

0 

sin <j, 
cos (f)J 


£ SO(4) 


with isotropy types ({e}) and (S’ 1 ). The induced action on the tangent bundle TS 3 = ]j ; T X S 3 = 
U. T {{x,v) £ K 8 : x £ S 3 , v _L a;}, which we identify with T*S 3 via the induced metric, is given by 
z ■ (x,v) i—>■ (R(z)x,R(z)v), and has the same isotropy types. Let now x £ S 3 {S l ) be of singular 
orbit type. Then X 3 = X 4 = 0 and S 1 acts on 

S X S 3 = {(a:,i>) £ S 3 x S 3 : v\Xi + V 2 X 2 = 0} 
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with isotropy types ({e}) and (S' 1 ). In particular, the S 1 -action on S X S 3 ~ S*S 3 is neither 
transitive nor free. 

(2) Let M = G be a Lie group with a left-invariant Riemannian metric and A C G a compact 
subgroup. Consider the left action of G on itself and the decomposition of T*G into isotropy types 
with respect to the induced left A-action. Taking into account the left trivialization T*G ~ Gxg* 
explained in Gnu Example 4.5.5] one has 

(S*G)(H) = S*(G(H)) 

for an arbitrary closed subgroup H C K. Thus, in general, the co-sphere bundle of G will contain 
non-principal isotropy types. Assume now that G is compact and consider a Schrodinger operator 
P(h) on G with A'-invariant symbol function p. Let c £ R be a regular value of p and E c = p~ 1 ({c}). 
Then the results of Theorem |4.1| apply. By the previous considerations, 

S*Gnfl ieg = CinS*(G{H)), fl=j- 1 (0), 

where Ik ■ T*G —X fi* is the momentum map of the A-action, and H a principal isotropy group. 
Consequently, the closure of S*G D fl reg , and more generally of E c n f2 reg , will contain non-principal 
isotropy types in general. 

In case that G acts on M with finite isotropy groups, G-invariant pseudodifferential operators on M 
correspond to pseudodifferential operators on the orbifold M, and viceversa. In fact, the spectral the¬ 
ory of elliptic operators on compact orbifolds has attracted quite much attention recently mums] 
and, as mentioned at the beginning of this paper, our work can be viewed as part of an attempt to 
develop a spectral theory of elliptic operators on general singular G-spaces. 


Appendix A. 


In this appendix, we shall collect a few useful technical facts related to the spaces and measures 
introduced in Section 2.4 We will refer to this summary also in Part II [26]. As before, we are not 


assuming that the considered measures are normalized, unless otherwise stated. With the notation as 
in Section [274] we have 


Lemma A.l. The measure dQ reg agrees with the Riemannian volume density defined by the Riemann¬ 
ian metric on f \ reg that is induced by the Sasaki metric on T* M. 

Proof. By [3] Theorem 4.6] all metrics on f2 reg which are associated to the symplectic form w by an 
almost complex structure define the same Riemannian volume density, and that density agrees with the 
one defined by the symplectic form u;. Hence, it suffices to show that the Riemannian metric on fl reg 
induced by the G-invariant Sasaki metric on T*M is associated to ui by an almost complex structure. 
Now, the Sasaki metric gs on T*M is associated to the canonical symplectic form oj on T*M by an 
almost complex structure J : TT* M —> TT* M. Consequently, the Riemannian metric l* gs on f2 reg 
is associated to the symplectic form i*oj by the almost complex structure i* fj, where t : fl reg —» T*M 
is the inclusion. Since both t*gs and l*lo are G-invariant, i* J : Tf2 reg —> Tfl reg is G-equivariant, 
and therefore induces an almost complex structure i*J : Tf2 reg —> TO reg which associates the metric 
induced by l* gs on f! reg with w. □ 


Lemma A.2. M — M reg is a null set in {M, dM), and fl reg — (T*M reg r\Tl) is a null set in (I2 res , dfl reg ). 

Proof. The proof is completely analogous to the proof of El Lemma 3], and we refer the reader to 
for details. □ 


Similarly, on M = M/G we have 


Corollary A.3. M — M, 


reg 


(If r eg , dH reg 


)■ 


is a null set in (M,dM ), and tt reg 


(T*M reg fl fi)/G is a null set in 
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A.2 


Proof. The first claim is true by definition of the measure dM and Lemma 
claim, note that 

(u reg - ( T*M reg n n reg ))/G = u reg - (T*M reg n n reg )/G. 
Consequently, (2.18) and Lemma |A.2 together yield 

r i 


Concerning the second 


vol (b! reg ^ ( T*M leg n L! reg )/G) 


Q reg - (T* M reg nO reg ) 


vol (G • 77 ) 


dfl reg (77) — 0. 


□ 


Lemma A.4. The orbit volume function volo\M reg '■ M reg —> R, x ha vol[G ■ x), is smooth. Moreover, 
if the dimension of the principal orbits is at least 1, the function volo\M reg can be extended by zero to 
a continuous function volo ■ M —> R. 

Proof. See [331 Proposition 1], □ 


Remark A.5. The function volq> : M —> M from the previous lemma is in general different from the 
original orbit volume function volo : M —>• R, x >-> vol(G • x). The latter function is by definition 
nowhere zero and not continuous if there are some orbits of dimension 0 and some of dimension > 0 . 


Lemma A.6. On M = M/G we have 


dM 

vol 


— dM reg , 

M reg 


dM 

vol 


_= 0 . 

M—M reg 


Proof. Considering (2.17), (2.16), and Corollary A.3| the claimed relations are obvious. 


□ 


Corollary A.7. The following two measures on ( T*M reg C\Ll reg )/G agree: 

(1) the measure j*dfl reg , where j is the inclusion j 
symplectic volume form on Ll reg ; 


( T*M reg n n reg 


)/G f l reg and dLl reg the 


(2) the measure &*d(T*M reg ) , wh ere $ : ( T*M, 
tomorphism from Lemma 


2.2 


reg C LI reg ) / G 


T*M reg is the canonical symplec- 


and d(T* M reg ) the symplectic volume form on T*M n 


Proof. The measures dfl reg and d{T* M reg ) are defined by the volume forms w" K /(n — k)! and 
u} n ~ K /(n — «)!, respectively, which implies that the measures j*dfl leg and >!>*d(T*M re g) are defined 
by the volume forms — ft)! and < L*w n_K /(n — ft)!, respectively. Using compatibility of the 

wedge product with pullbacks and Lemma |2.2| we obtain 


j*Z n ~ K = = (4>*c b) n ~ K = $*(w n - K ). 


□ 


The next lemma describes the hypersurface measures that we use frequently. 

Lemma A.8. Let X be a smooth manifold equipped with a measure c/X given by a smooth volume 
density. Let H C X be a smooth hypersurface. Then there is a canonical induced hypersurface measure 
dH on H, given by the restriction of the volume density on X to H. In case that X is a Riemannian 
manifold and dX is defined by the Riemannian volume density, then dH is defined by the Riemannian 
volume density associated to the induced Riemannian metric on H. 

Proof. Let {U a , 7 Q ,} a6 ^i be an atlas for X and {</? a } a locally finite partition of unity subordinate to 
{U a }. Let n := dimX. For each a, we choose the local coordinates (xf,... ,x%) over U a such that H 
is described by the vanishing of the last coordinate, i.e. H(lU a = {(x“,..., x“_ 1 ,0)}. By assumption, 
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with a collection of smooth functions : U a —>• [0, oo), the integrals representing Lebesgue integrals 
over R". Now, we can set for / £ C(H) 

/ fdH:=y] / f(x 1 ,...,x n _ 1 )<p a (x 1 ,...,x n _ 1 ,0)V*{xf,...,x%_ 1 ,0)\dx 1 Adx 2 A...Adx n _ 1 \ 

Jh aeA Ju °- nH 

to define the desired smooth measure dH. It is easy to check that this definition is independent of the 
choice of the first n — 1 coordinates on X, hence of the choice of coordinates on H, and the partition 
of unity. The last assertion of the theorem follows immediately by choosing = 1 /det(g a ,), where 
g a is the matrix representing the Riemannian metric on X over the chart U a . □ 


The following technical lemma is a direct consequence of the Fubini theorem. 


Lemma A. 9. Let c £ R be a regular value of our Hamiltonian function p. For each S > 0, let 
Is C [c — 6, c + 5] be a non-empty interval. Then, for all f £ C(T* M) the limit 


(A.l) 


1™ vol^(Is) 


f d(T*M) 




=: J f dT, c 

p~H M) 


exists, and uniquely defines a finite measure dT, c on the hypersurface £ c := p^ 1 ({c}) that agrees 
with the hypersurface measure on E c induced by the measure d(T*M) on T*M (see Lemma A.8). 
Furthermore, for each f £ C(T*M), one has the estimate in the limit S -A 0 


(A.2) 


1 


vol m (I s ) 


f d(T*M) - 


fdS c = 0(S). 


Hh) 




Proof. Since M is compact, p -1 ([c — r, c + r]) C T*M is compact for every r > 0. Thus, we can find 
e > 0 such that each t £ [c — e, c + e\ is a regular value of p. This implies that there is an atlas for 
T*M such that the intersection of any chart with p -1 ({t}) is given by the points whose last coordinate 
is equal to t — c for each t £ [c — e, c + e]. As p _1 ([c — e, c + e]) is compact, we can reduce such an 
atlas to a finite collection of charts that still cover p -1 ([c — e, c + e]). Denote the so obtained finite 
collection of charts by {U a , 7 a }aeA, 7a : Ua —> V a C R 2n , U a C T*M. W.l.o.g. we can assume that 
V a C R” is bounded. Let {p a }a^A be a partition of unity subordinated to the family {U a } aeA . Then, 
by definition, it holds for S < e and an interval Is C [c — S, c + 6]: 


Ip-Hh) 


f d(T*M) = 


/ (/ • To() (fta 1 (y)) \/det(( 7 a (y)) dy 

a&A J'y a (u c ,np- 1 (i s )) 


V / £ C(T*M), 


where g a is the local matrix defined by the Riemannian metric (the Sasaki metric) on T*M over the 
chart U a . Due to our special choice of coordinates in the chart U a , we get for / £ C{T*M ): 

/ fd(T*M)=^2 (/ ' Va)(la • ■ ■iy2n))\/dei{g a {jji 1 ... ,y 2 n)) dyi... dy 2n -i dy 2n 

J p-Hh) aeA Jv a 

= Y] / / (/ • (7a ^ 1 (2/1, ■ • •) V 2 n-I,t)) \J det(fif Q (yi,..., y 2n -i,t)) dy!... dy 2n - 1 dt , 

a£A^ Is “'^nR 2 "- 1 

where we used the Fubini theorem for the Lebesgue integral. Since p~ 1 ([c — e, c+e]) is compact, we can 
assume without loss of generality that the coefficients (and hence the determinant) of g a and all their 
partial derivatives are bounded. Furthermore, we know that the functions / and p a are uniformly 
continuous on p -1 ([c — e,c + e]). This implies for each a £ A and y £ V a \ 


(/ • Fa) ( 7 « 1 (yi, • • ■, 2/2n-i ,t)) \J det(g , Q ,(y 1 , • • • ,y 2 n-i,t)) 

- (/ ■ To .) (7a 1 (yi > • ■ •, V2n- 1 , c)) ^/det ( g a (y 1 ,..., y 2n _ i, c)) 


<C a (\t-c\) V t£ I 5 , 
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with some constant C a > 0 that is independent of y. To shorten the notation, set 

l(c,a) := J {f ■ ya){la 1 {yi, ■ ■ ■, 2/271-1, c)) y/ det(g„(yi,..., y 2n - 1 , c)) dy 1 ... dy 2n - i 


UcOR 2 "- 1 

With |t — c| <5 we then get 


/ / (/ • Va){la 1 (yi, ■ ■ ■, 2/271-1, *)) v/det(g a (yi,..., j/2n-i, *)) dyi • • • dj/2n-i dt 

J Is Jv a OR 2 "- 1 


= J (l(c, a)+ O a (\t-c\)\) dt = vol R (I s )I{c, a) + J O a (|f - c|)| dt = vol R (/ 5 )(X(c,a) + O a (5)). 

Is 

Since A is finite, we conclude 

1 [ fd(T*M)=Y^l(c,a) + O a (6)= [ fdp c + 0(S). 

Jv-His) ZTa J 


vol r(Is) Jp-i(i s ) 


a&A 


p-RW) 


□ 


From the previous lemma, one immediately obtains a symmetry-reduced version for T*M leg . 


Corollary A.10. Let p : T*M reg —> R be the function induced hy our Hamiltonian function p via 
Lemma 2.2 Let c £ M be a regular value of p. For each S > 0, let Is C [c — <5, c + 5] be a non-empty 
interval. Then, for all G-invariant f £ C(T*M), inducing f £ C(T*M reg ), the limit 

1 r f d(T*M reg ) =: J Jd%, 

n-^is) P-M {c}) 


(A.3) 


lim 

<5->0 voIr(Is) 


exists, and uniquely defines a finite measure d£ c on the hypersurface £ c := p 1 ({c}) that agrees with 
the measure induced from the canonical volume density on T*M reg . Furthermore, for each G-invariant 
f £ C(T*M), one has the estimate in the limit <5 —0 

(A.4) j / m< = o(S). 

P-Hh) p-blc}) 


Proof. Since the functions p , /, and the Riemannian metric on T*M reg are all induced by G-invariance 
from their counterparts on T*M , we can proceed by analogy to the proof of Lemma |A.9[ even though 
M reg is not compact. In particular, we can find e > 0 such that each t £ [c — e, c + e] is a regular value 
of p, we can cover p~ 1 ([c — e, c + e]) by finitely many charts {U a , 7q} q g A with a subordinated partition 
of unity {p a } and / and each tp a are uniformly continuous on p -1 ([c — e, c + e]). Furthermore, 
the local coefficients and their derivatives of the Riemannian metric on T* Af reg are bounded. Thus, 
we can perform analogous calculations and estimates as in the proof of Lemma |A.9| □ 

Remark A.ll. When F = 0 and c = 1, the hypersurface measure obtained in Corollary |A.10| agrees 
with the Liouville measure d(S*M reg ), since the Riemannian metric on M reg is induced by the G- 
invariant Riemannian metric on M, and the volume densities on T*M Teg induced by its canonical 
symplectic form and the natural Sasaki metric agree. 
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